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We explore analytically the quantum dynamics of a point mass pendulum using the Heisenberg
equation of motion. Choosing as variables the mean position of the pendulum, a suitably defined
generalised variance and a generalised skewness, we set up a dynamical system which reproduces
the correct limits of simple harmonic oscillator like and free rotor like behaviour. We then find the
unexpected result that the quantum pendulum released from and near the inverted position executes
oscillatory motion around the classically unstable position provided the initial wave packet has a
variance much greater than the variance of the well known coherent state of the simple harmonic
oscillator. The behaviour of the dynamical system for the quantum pendulum is a higher dimensional
analogue of the behaviour of the Kapitza pendulum where the point of support is vibrated vertically
with a frequency higher than the critical value needed to stabilize the inverted position. A somewhat
similar phenomenon has recently been observed in the non equilibrium dynamics of a spin - 1 Bose-
Einstein Condensate.
Keywords: quantum pendulum, Heisenberg dynamics, dynamical system, fixed point stability, inverted po-
sition stabilized, Kapitza pendulum
I. INTRODUCTION
The different aspects of quantum dynamics of a point
mass pendulum has rarely been the subject of investiga-
tion. Cook and Zaidins [1] estimated the time and fall of
a pendulum due to the quantum fluctuations. Doncheski
and Robinett [2] discussed in detail the limiting cases of
a simple harmonic oscillator and the free rotor and fo-
cussed on the issues of the wave packet revival. Leibsher
and Schmidt [3] carried out a detailed numerical investi-
gation. However, recently a completely new aspect was
noticed by Gerving et al. [4] who focussed on the dy-
namics with initial conditions set near the unstable fixed
point of the classical pendulum.
Gerving et al [4] studied the non equilibrium dynamics
of a spin-1 Bose-Einstein Condensate initialized in an un-
stable state which is analogous in the mean field limit to
the exactly inverted pendulum. They have measured the
evolution of this state along a separatrix caused by quan-
tum fluctuations. Subsequently in a thesis submitted to
the physics department of Georgia Institute of Technol-
ogy, Gerving [5] presents in chapter 7 a semi classical cal-
culation of the motion of a wave packet which is initially
centred around the unstable equilibrium point of the pen-
dulum. Surprisingly, the mean angular displacement of
the quantum pendulum shows oscillation around the un-
stable equilibrium point. The variance has oscillatory
behaviour as well and there is a marked skewness which
also oscillates in time. Clearly the quantum fluctuations
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are stabilizing the unstable fixed point of the classical
pendulum. This is reminiscent of the Kapitza pendu-
lum [6] where a high frequency vertical vibration of the
point of support stabilizes the unstable position. Gerv-
ing’s computation is actually based on an approach using
an ensemble of classical orbits as advocated by Ballentine
et al [7] and explored by several authors [8–11]. In this
work, we use the average angular displacement, a suitably
defined generalised variance and a generalised skewness
as the dynamical variables to set up a dynamical sys-
tem approach which clearly establishes the stabilization
of the classical unstable point by angular fluctuations.
Our approach is a variation on the theme of dynamics of
moments introduced recently by Brizuela [12, 13].
The pendulum is described by the angular variable θ
and the conjugate momentum pθ. We start with Heisen-
berg equations of motion for any operator O and take
an expectation value in any quantum state ψ(θ, t) to
write[9],[10].
ıh¯
d
dt
〈Oˆ〉 = 〈[Oˆ,H ]〉+ ıh¯
〈∂Oˆ
∂t
〉
(1)
where,
H =
p2θ
2m
+mω2l2(1 − cos θ) (2)
and
〈Oˆ〉 =
∫ π
−π
ψ∗(θ, t)Oˆψ(θ, t)dθ (3)
We will henceforth set the mass m and the length of
the pendulum to unity and will restore them at the end
2of the calculation. We will denote the average angular
displacement of the pendulum for a quantum state to be
φ (i.e φ = 〈θ〉 =
∫ π
−π
ψ∗(θ, t)θˆψ(θ, t)dθ) and two applica-
tions of Eq. (1) leads to
d2φ
dt2
+ ω2〈sin θ〉 = 0 (4)
As is obvious the mean position does not follow the
classical trajectory. Writing
〈sin θ〉 = 〈sin(θ − φ+ φ)〉
= 〈cos(θ − φ)〉 sin φ+ 〈sin(θ − φ)〉 cosφ
(5)
we find,
d2φ
dt2
=− ω2 sinφ+ ω2〈1− cos(θ − φ)〉 sin φ
− ω2〈sin(θ − φ)〉 cosφ
(6)
The last two terms on the left hand side represent the
effect of quantum fluctuations on the dynamics of the
mean angular displacement. We define a generalised vari-
ance
V = 〈1− cos(θ − φ)〉 (7)
and a generalised skewness
S = 〈sin(θ − φ)〉 (8)
For small fluctuations about the mean, V ≃ 〈(θ−φ)
2〉
2
and S ≃ − 16 〈(θ− φ)
3〉, which are the usual definitions of
variance and skewness apart from the factors of 1/2 and
1/6. For discussion of quantum dynamics in non peri-
odic situations using the usual variance (〈θ2〉− 〈θ〉2) and
subsequent Gaussian approximations, one should consult
Ref. [8–11]. A slightly different point of view is to be
found in [16]. We will generalise the technique of [16] to
the present situation where small angle approximations
are not permitted. In Section II, we write down a closed
dynamical system for φ, V and S and study it’s fixed
points and dynamics. The numerical results are shown
in Section III and we conclude with a discussion in Sec-
tion IV.
II. THE DYNAMICAL SYSTEM
We need to find the dynamics of V and S without
making any small angle approximation. This calls for
repeated applications of Eq. (1). The issue to be settled
is that of the appearance of higher moments. We have
used a factorizing scheme, where any correlations of the
form 〈[1−cos(θ−φ)]2〉, 〈sin(θ−φ)[1−cos(θ−φ)]〉, 〈p2θ(1−
cos(θ − φ))〉 has been replaced by V 2, SV, p2θV etc. and
care has been taken to ensure that the simple harmonic
oscillator limit is correct. Since the Hamiltonian is a
constant of motion, we use,
e =
〈p2θ〉
2
+ ω2〈1− cos θ〉 (9)
=
〈p2θ〉
2
+ ω2(1− (1− V ) cosφ+ S sinφ)
as a parameter of the problem. Long but straightfor-
ward algebra now leads to
d2V
dt2
= (2e− 2ω2 −
h¯2
4
)(1− V )
+ ω2(2− 6V + 3V 2) cosφ
− 2ω2S(1− V ) sinφ− 3ω2S sinφ
+ ω2S2 cosφ− 2φ˙S˙ − (1− V )φ˙2
(10)
and
d2S
dt2
= −(2e− 2ω2 −
h¯2
4
)S
− 5ω2S(1− V ) cosφ
+ 2ω2S2 sinφ+ 2φ˙V˙ + Sφ˙2
(11)
Our dynamical system comprises of Eqs. (6), (10), and
(11). We should point out that in the limit of very low
energies i.e. e/ω2 << 1, the system behaves like a simple
pendulum and for ω → 0, it is like a free rotor.
We now look at the fixed points of our dynamical sys-
tem. There are three of them.
A
)
φ∗ = S∗ = 0, V ∗ = Vo.
The value of Vo is found to be,
6ω2Vo = 2e+ 4ω
2 −
h¯2
4
±
[(
2e+ 4ω2 −
h¯2
4
)2
− 12ω2
(
2e−
h¯2
4
)]1/2
(12)
B
)
φ∗ = π, S∗ = 0, V ∗ = Vo.
The value of Vo is found to be,
6ω2Vo = 8ω
2 − 2e+
h¯2
4
∓
[(
2e− 8ω2 −
h¯2
4
)2
+ 12ω2
(
2e− 4ω2 −
h¯2
4
)]1/2
(13)
3C
)
The third fixed point is found to be,
φ∗ ≃
π
2
, Vo
∗
≃ 1, S∗ < 0 (14)
We see from Eqs. (12) and (13) that there are two
possible values of Vo and Vo. The choice of the relevant
value is made by analysing the stability properties of the
fixed points. Linearising about the fixed point A, we get,
d2δφ
dt2
= −ω2(1− Vo)δφ− ω
2δS (15a)
d2δV
dt2
= −
(
2e+ 4ω2 − 6ω2Vo −
h¯2
4
)
δV (15b)
d2δS
dt2
= −
(
2e− 2ω2 + 5ω2(1− Vo)−
h¯2
4
)
δS (15c)
For δV to execute small oscillations about Vo as a mark
of stability, it is essential that we choose the negative sign
in Eq. (12). An identical argument for the fixed point
(B) reveals that the positive sign is relevant for Eq. (13).
We want to check that our dynamical system does re-
produce the known quantum dynamics in the limits of
e >> ω2 and e << ω2. For e << ω2, we have a simple
harmonic oscillator. The fixed point variance Vo has the
value e2ω2 . In terms of ∆
2 = 〈θ2〉 − 〈θ〉2, we have the
variable V ≃ ∆
2
2 . In the ω >> e limit, the dynamics of
V is given by V = Vo + δV , where δV satisfies
δV¨ + 4ω2δV = 0 (16)
and hence in terms of the quantity ∆2, we have,
∆2 =
e
ω2
+A cos 2ωt+B sin 2ωt (17)
If we take an initial Gaussian wave packet having
width ∆o, i.e. ψ(x, t = 0) =
1
π
1
4∆2
o
exp
−(x−a)2
2∆2
o , then
e
ω2 =
h¯2
4∆2
o
ω2 +
∆2
o
4 . With such a packet
d∆2
dt = 0 at t = 0
which makes B = 0. Hence A + eω2 =
∆2
o
2 and Eq. (16)
becomes
∆2 =
e
ω2
+ (
∆2o
2
−
e
ω2
) cos 2ωt
=
e
ω2
+ (
∆2o
4
−
h¯2
4∆2oω
2
) cos 2ωt (18)
Choosing ∆4o =
h¯2
ω2 (in m = 1 units), we find that ∆
2
remains fixed in time with the initial width. This is ex-
actly as it should be since ∆2o =
h¯
ω corresponds to the
coherent state. Hence the dynamics of the large ω limit
correctly reproduces the essential feature of that limit.
This is shown in Fig. 1. For the numerics shown, the
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(a) Plot of φ(t) with φ(0) = .01 and φ˙(0) = 0
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(b) V (t) with V (0) = .03 and V˙ (0) = 0. The dashed line is the
fixed point .02915 which is a close to .03, the value e
2m2
in the
harmonic oscillator limit.
FIG. 1: Numerics for φ(t) and V (t) with e = 1.5 and
ω = 5
term h¯
2
4 is a small quantity in comparison with the en-
ergy, e. Inserting back the dimensional quantities we are
comparing ω2 with h¯
2
4m2l4 . Choosing it as 1/16, we pro-
ceed with the numerics in the harmonic oscillator limit
and all subsequent plots.
We now turn to the free rotor limit, where ω → 0.
From Eq. (6) this leads to, as expected,
φ = A1t+A2 (19)
where A1 and A2 are constants of integration with A1
corresponding to the initial value of 〈p2θ〉 which is a con-
served quantity. If we analyse the variance V , we notice
that Eq. (10) reduces to V¨ = 2e′(1 − V ), with e being
redefined as e′ = e− h¯2/8, the solution being,
V = 1 +A cos(2e′)0.5t+B sin(2e′)0.5t (20)
4Once again for an initially real wave packet, B = 0,
and if V = Vo at t = 0, then,
V = Vo + (1− Vo)(1 − cos(2e
′)0.5t) (21)
If the initial width Vo is small(large energy), then
clearly for times t <<
√
1
2e′ , V = Vo +
(1−Vo)
2 (2e
′)t2 ≃
Vo+
h¯2t2
4Vo
, since e′ ≃ e =
〈p2
θ
〉
2 =
h¯2
4Vo
which is the standard
free particle limit. Fig. (2) shows the corresponding plots
of Eqs. (6), (10) and (11) in the free particle limit. From
Fig. (2a), one sees that φ(t), with an initial momentum,
increases linearly with time while V (t) oscillates about
1 and S(t) shows oscillation about zero. The numerical
solution of Eqs. (6),(10) and (11) show the expected be-
haviour in Fig. 2. Confident that the system works in the
limiting situations, we now turn to the region of interest
where the average energy is of O(ω2).
III. NUMERICAL SOLUTION OF THE
DYNAMICAL SYSTEM
Our three-variable system requires the fixed points for
the mean,variance and skewness. For the usual fixed
point(i.e. fixed point A) where the mean and skewness
have value zero, the variance for any given value of ω has
the maximum possible fixed point value of unity. Over
the entire range of positions of the fixed point, the dy-
namics is stable. Our interest in this section is primarily
in the fixed point B where the value of the mean is π(the
inverted position of the pendulum), the skewness is zero
and the variance is given by Eq. 13(only the positive sign
is relevant because that corresponds to stability). Here
for a given ω, the minimum possible fixed point value of
variance,V is unity. This is what stabilises the fixed point
and creates the unexpected behaviour that the quantum
pendulum can execute bounded motion around the clas-
sically unstable fixed point provided the variance of the
initial wave packet centred near φ = π has a value greater
than unity.
We first examine the fixed point A with ω = 1 and e =
3/2. The results of numerically integrating Eqs. (6),(10)
and (11) are shown in Fig. 3. We take a mean initial
angular displacement of π/6 radians. The initial variance
is given near the fixed point Eq. (12), the negative value
of Vo being the relevant one here, and a small initial
skewness. The derivatives of φ, V and S are specified
as zero at t = 0. The results, as expected show stable
oscillations about φ = 0, V = .55813(the fixed point
value corresponding to e and ω) and S = 0.
We now turn to the unstable fixed point of the classical
pendulum. In our case this is the fixed point φ = π,
V = Vo and S = 0 with the positive sign in Eq. (13) being
the relevant one. The dynamics is stable (i.e. periodic
around Vo) for this choice of sign in Eq. (10) as can be
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(a) Plot of φ(t) with φ(0) = .1 and initial momentum φ˙(0) = .1
0 10 20 30 40 50 60 70
0.80
0.85
0.90
0.95
1.00
1.05
1.10
1.15
1.20
t
V
Ht
L
(b) V (t) with V (0) = 1 and V˙ (0) = 0. V (t) shows small
fluctuations about its fixed point value of 1.
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(c) S(t) with S(0) = 0.01 and S˙(0) = 0. S(t) oscillates about
zero with amplitude 0.01
FIG. 2: Numerics for φ(t), V (t), S(t) with e = 1.5, ω = 0
and initial momentum φ˙(0) = .1
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(a) Plot of φ(t) with φ(0) = pi
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(b) V (t) with V (0) = .55 and V˙ (0) = 0. The dashed line is the
fixed point Vo = .55813.
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(c) S(t) with S(0) = 0.1 and S˙(0) = 0
FIG. 3: Numerics for φ(t), V (t) and S(t) about the
fixed point A with e = 1.5 and ω = 1.
found by performing stability analysis with Eqs. (6) and
(11). For φ = π + δφ in Eq. (6) and S = δS in eq. (11),
we have,
d2δφ
dt2
= ω2(1− Vo)δφ+ ω
2δS (22)
d2δS
dt2
= −
(
2e− 2ω2 −
h¯2
4
+ 5ω2(Vo − 1)
)
δS (23)
The stability matrix has a negative trace and a positive
determinant which ensures that the fixed point is a centre
and the dynamics about the vertical i.e. upside down
position is oscillatory. We again integrate Eqs. (6),(10)
and (11) but with initial conditions that should be within
the basin of attraction of the fixed point B. In Figs.
(4) and (5) we show the existence of oscillation about
the vertical position. This is the unexpected feature of
the quantum pendulum, stemming presumably from the
special status [17] of φ = π where the classical system is
aperiodic. Fig. (4) describes the nature of φ(t), V (t) and
S(t) with φ(0) = 2.8. Fig. (5) shows the nature of φ(t)
when its released on either sides of π and one very close
to π.
A linear stability around the fixed position C of Eq.
(14) shows the fixed point to be unstable. Thus the fixed
point structure representing the quantum pendulum has
an identical structure to that of the Kapitza pendulum so
far as the dynamical system analysis goes. We conclude
in Section IV with the discussion of this analogy.
IV. CONCLUSION
In this concluding section, we recall the Kapitza pen-
dulum and point out the similarities and the differences
between the two systems. The Kapitza pendulum has its
point of support vibrated at a high frequency Ω, so that
the equation of motion is given by,
θ¨ + ω2(1 + ǫ cosΩt) sin θ = 0 (24)
where ω =
√
g
l , is the natural frequency of the pendu-
lum. The dynamics can be split into a slow (frequency of
O(ω)) and a fast (frequency of O(Ω)) as θ = θs+θf , with
the high frequency oscillation taken to be a small pertur-
bation around the primary solution θs. For θf << θs,
θ¨s + ω
2θs = 0 is the primary dynamics. The fast varia-
tion satisfies, to the lowest order, the dynamics
θ¨f + ω
2 cos θs θf = − ǫω
2 cosΩt sin θs, (25)
leading to the approximate solution θf ≃
ǫω2
Ω2 sin θs.
Inserting this θf back into Eq. (25), leads to the O(ǫ
2)
dynamics of θs as,
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(a) Plot of φ(t) with φ(0) = 2.8 and φ˙(0) = 0. The dashed line
is the classical unstable fixed point pi.
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(b) V (t) with V (0) = 1.44 and V˙ (0) = 0. The dashed line is
the fixed point Vo = 1.44187.
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(c) S(t) with S(0) = 0.1 and S˙(0) = 0.
FIG. 4: Numerics for φ(t), V (t) and S(t) about the
fixed point B with e = 1.5 and ω = 1.
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(a) Plot of φ(t) with φ(0) = 2.5.
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(b) φ(t) with φ(0) = 3.6.
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FIG. 5: Numerics for φ(t) for various initial conditions
around π.
7θ¨s + ω
2 sin θs +
ǫ2ω4
2Ω2
sin 2θs = 0. (26)
The effective potential for this dynamics is,
Veff = − cos θs −
ǫ2ω4
4Ω2
cos 2θs. (27)
The fixed point of Eq. (27) for ǫ
2ω2
Ω2 > 1 are clearly
θs = 0, θs = π and cos θs = −
Ω2
ω2ǫ2 . The stability can
be understood from the extrema of Veff . The extremum
θs = 0 is clearly a minimum. The extremum θs = π
is a minimum for ǫ
2ω2
Ω2 > 1 which corresponds to the
stabilization of the inverted position. In this situation,
the third fixed point θs = cos
−1
(
− Ω
2
ω2ǫ2
)
exists and is
easily seen to be unstable.
In some ways, our situation is analogous to the Kapitza
pendulum because the fixed point structure is similar.
However, there are very strong differences. The Kapitza
system is a two dimensional non-autonomous system
while this quantum pendulum is a six dimensional au-
tonomous dynamical system. The fixed points A and B
are correctly two fixed curves in the e − ω parameter
space. While the non autonomous Kapitza system has
two distinct time scales as shown by our analysis above,
the autonomous quantum oscillator has two separate sta-
ble segments (V ∗ < 1 and V ∗ > 1) separated by an un-
stable region which separates the basins of attraction of
the two fixed points.
The above is best understood by analysing fixed points
(A) and (B) as a function of e for a given value of ω. We
note that for the fixed point (A) where φ = 0, the fixed
point Vo is seen to be (from Eq. (12))
Vo =
e
2ω2
+O
( e2
ω4
)
for e << ω2 (28a)
Vo = 1−O
(ω2
e
)
for e >> ω2 (28b)
On the other hand, the fixed point (B) has the form,
V o = 2−O
( e
ω2
)
for e << ω2 (29a)
V o = 1 +O
(ω2
e
)
for e >> ω2 (29b)
For a given value of ω2, we show the variation of V ∗
as a function of e in Fig. 6.
The basin of attraction of φ∗ = 0 and φ∗ = π are sep-
arated by the existence of the fixed point (C). What we
learn from Fig. 6 is that the basin of attraction of φ∗ = 0
is confined to initial values of V which are less than unity
and the basin of attraction of φ∗ = π is confined to initial
Φ* = Π
Φ* = 0
0 10 20 30 40 50
0.0
0.5
1.0
1.5
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*
FIG. 6: Plot of V ∗ vs e for fixed ω(shown for ω = 3).
The dotted line(V ∗ = 1) separates the basin boundary
for fixed points A(red curve for φ∗ = 0) and B(blue
curve for φ∗ = π).
values of V which are greater than unity. Thus there are
two non-overlapping segments of initial conditions which
are driven to the two different fixed points.
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